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Abstract
Loops are nonassociative algebras which can be investigated by using their multiplication groups and
inner mapping groups. Kepka and Niemenmaa showed that if the inner mapping group of a finite loop Q is
abelian, then Q is centrally nilpotent. Bruck showed that if the loop Q is centrally nilpotent of class at most
two, then the inner mapping group is abelian. In the 1990s Kepka raised the following problem: Is every
finite loop with abelian inner mapping group centrally nilpotent of class at most two? The answer is: no.
We construct the multiplication group of a loop of order 27 with abelian inner mapping group such that the
loop is centrally nilpotent of class greater than two.
c© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
Q is a loop if it is a quasigroup with neutral element. The functions La(x) = ax (left
translation) and Ra(x) = xa (right translation) with a, x ∈ Q are permutations on the
elements of Q for every a ∈ Q. The permutation group generated by left and right translations
M(Q) = 〈La, Ra/a ∈ Q〉 is called the multiplication group of Q. Denote by I (Q) the stabilizer
of the neutral element in M(Q). I (Q) is a subgroup of M(Q) and it is called the inner mapping
group of Q. Bruck [1] introduced this connection between loops and groups, and he investigated
the structure of loops by using group theory.
The structure of loops with abelian inner mapping groups became much more challenging
after Kepka and Niemenmaa [10] published their paper on the nonexistence of loops with
nontrivial cyclic inner mapping groups. They proved I (Q) is cyclic if and only if Q is an abelian
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group. The original proof was for finite loops, which was later changed to cover all loops [8].
Recently Dra´pal in [6] offered a simplified proof. In [7] Kepka proved that if I (Q) is abelian,
then no nontrivial primary (p-) component of I (Q) is cyclic.
There are several problems concerning the above loops. One of them is the following: Which
finite abelian groups can (or cannot) appear as the inner mapping group of some loop? In [14]
Niemenmaa showed that for a finite loop Q, I (Q) cannot be isomorphic to Cn×D, where Cn is a
cyclic group of order n and D is a finite abelian group such that |D| is relatively prime to n. Later
Kepka got this result for infinite loops, too. In [13] Niemenmaa proved that if Q is a finite loop,
then I (Q) is never isomorphic to the direct productC pk×C p, where p is an odd prime and k ≥ 2.
By [4, Theorem 4.1] it is true for every prime p. In the same paper [13] Niemenmaa showed that
if Q is a finite loop, p and q are different primes such that p is odd and q does not divide |Q|, then
I (Q) is not isomorphic to (C pk×C p)×D where k ≥ 2 and D is an abelian q-subgroup. In [3] we
gave a generalization of this result. Using [3, Remark 5.3, Remark 5.5] it is easy to see that if Q is
a finite loop and p is a prime such that p does not divide |Q|, then I (Q) cannot be isomorphic to
an abelian group which contains a p-subgroup. The loop-theoretical consequence of [4, Theorem
4.2] is: If Q is a finite loop, then I (Q) 6∼= C pm11 ×C p1×C pm22 ×C p2×· · ·×C pmrr ×C pr where r ≥ 1,
p1, . . . , pr are different primes, m1 ≥ 2, m2 ≥ 0, . . . ,mr ≥ 0. Recently we got a generalization
of this result [2, Corollary 4.1]: If Q is a finite loop, then I (Q) 6∼= H1 × H2 × · · · × Hr , where
H1 ∼= C pk11 × C p1 with k1 ≥ 2 and for every 2 ≤ i ≤ r , Hi ≤ L i
∼= C pi × C pi × C pi or
Hi ≤ Mi ∼= C pkii × C pi with k ≥ 2 and p1, . . . , pr different primes.
Another problem concerns the nilpotency class of the loop. Kepka and Niemenmaa proved
(see [11, Theorem 3.4] and [12, Corollary 6.4]) that if the inner mapping group of a finite loop
Q is abelian, then M(Q) is solvable and Q is centrally nilpotent. For a long time there was no
example of a nilpotency class greater than two. In the 1990s Kepka raised the following problem:
Is every finite loop with abelian inner mapping group centrally nilpotent of class at most two?
In fact, it seems that for many years the prevailing opinion has been that all such loops have
to be of nilpotency class two. This seems to have been well substantiated since if the loop is
a group, we clearly get this restriction on the nilpotency class. Some well-behaved classes of
loops fulfil this restriction, too. It was proved recently by Dra´pal and Cso¨rgo˝ [5, Theorem 2.7]
that left conjugacy closed loops with the abelian inner mapping groups are of nilpotency class
two. The special structure of abelian inner mapping group also implies the nilpotency class two
of the loop. The loop-theoretical interpretation of [4, Theorem 4.2] is that if I (Q) is the direct
product of C pi × C pi where 1 ≤ i ≤ r , p1, . . . , pr are different primes, then Q is of nilpotency
class two. We extended this statement for a larger class of loops [2, Corollary 4.6]: If I (Q) is
abelian and for every prime divisor p of the order of I (Q) the Sylow p-subgroup of I (Q) is
isomorphic to a subgroup of C p × C p × C p, then Q is centrally nilpotent of class at most two.
We have found some properties of the normal closure M0 of I (Q) in M(Q) which guarantee the
central nilpotency of class at most two of the finite loop. One of these properties is the cyclicity
of M(Q)/M0, the other is that |I (Q)| and |M(Q) : M0| are relatively prime [2, Corollary 4.3,
Corollary 4.4].
The converse is always true by Bruck [1], i.e. the central nilpotency of class two of the loop
Q implies that the inner mapping group I (Q) is abelian.
In Section 3 I describe the problem in terms of transversals. I tried to characterize by means
of group theory the least counterexample.
I expected to find enough properties of the counterexample to refute its existence. Working
in this direction I obtained several properties that such a counterexample should fulfil. They are
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mostly contained in [2]. We shall not give here the proofs but in Section 3 we shall cite the
relevant theorems that suggested what structure a counterexample might have. By using these
results, supposing a special property we get new propositions.
In Section 4 we choose some parameters, and using the earlier obtained statements we
construct a counterexample.
Section 5 contains the answer to Kepka’s loop theoretical problem.
2. Loops and groups
Let Q be a loop, and let M(Q), I (Q), left and right translations be defined as in the
introduction. Define A = {La/a ∈ Q}, B = {Ra/a ∈ Q}. Then the commutator subgroup
[A, B] ≤ I (Q), A and B are left transversals to I (Q) in M(Q), 〈A, B〉 = M(Q), and
coreM(Q) I (Q) = 1.
The corresponding situation for groups is the following: Let G be a group with a subgroup H .
There exist A and B left transversals to H in G, such that 〈A, B〉 = G. We say A and B are
H -connected if [A, B] ≤ H . The relation between multiplication groups of loops and connected
transversals is given by Niemenmaa and Kepka:
Theorem 2.1. A group G is isomorphic to the multiplication group of a loop if and only if there
exists a subgroup H satisfying coreGH = 1 and H-connected left transversals A and B to H
such that 〈A, B〉 = G.
For the proof see [10, Theorem 4.1].
Theorem 2.2. A loop Q is centrally nilpotent of class at most n ≥ 1 if and only if the inner
mapping group I (Q) is subnormal of depth at most n in the multiplication group M(Q).
Proof. See [7, Proposition 4.1] and [9]. 
Corollary 2.3. A loop Q is centrally nilpotent of class at most two if and only if M(Q)′ ≤
NM(Q)(I (Q)).
Proof. By Theorem 2.2 Q is centrally nilpotent of class at most two if and only if
NM(Q)(I (Q)) E M(Q). Using [A, B] ≤ I (Q) this latter normality means that the factor group
M(Q)/NM(Q)(I (Q)) is abelian and this implies our statement. 
3. Preliminary results
By using Theorem 2.1 and Corollary 2.3 we can transform our loop-theoretical problem –
Kepka’s problem – to a group-theoretical one in the following way:
Problem. Assume G is a finite group with the following properties: there is an abelian subgroup
H , there exist A and B H -connected left transversals to H in G such that 〈A, B〉 = G,
furthermore coreGH = 1. Do these conditions imply G ′ ≤ NG(H)?
In [2,3] we systematically studied the properties of G paying special attention to the structure
of the normal closure of H in G.
We get the following statements for this G and the normal closure G0 of H in G.
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Proposition 3.1. (i) A ∩ H = B ∩ H = {e},
(ii) Z(G) 6= 1, G0 = G ′H,
(iii) Z(G0) = (Z(G) ∩ G0)× (Z(G0) ∩ H),
(iv) coreG((Z(G) ∩ G0)H) = Z(G0),
(v) (Z(G) ∩ G0)A = A, (Z(G) ∩ G0)B = B.
Proof. See [2, Proposition 3.1 and Proposition 3.2]. 
Proposition 3.2. If G ′ 6≤ NG(H), then the following statements are true:
(i) G/G0 is not cyclic,
(ii) (|G : G0|, |H |) 6= 1.
Proof. (i) Assume G/G0 is cyclic, then by [2, Theorem 3.6] G ′ ≤ NG(H) holds, a
contradiction.
(ii) Suppose (|G : G0|, |H |) = 1, by using [2, Theorem 3.5] it follows that G ′ ≤ NG(H), a
contradiction. 
In [2] we tried to investigate the structure of minimal counterexample G. This problem led us
to the following definition.
Definition. Let F be the class of all pairs (G, H) with the following properties: G is a finite
group, H is an abelian subgroup of G, there exist A and B H -connected left transversals to H
in G, 〈A, B〉 = G. Let F∗ ⊆ F , we say F∗ is a nice subclass of F , if for every (G, H) ∈ F∗,
(G/N , HN/N ) ∈ F with some normal subgroup N of G implies (G/N , HN/N ) ∈ F∗.
We found the following result:
Proposition 3.3. Let F∗ ⊆ F be some nice subclass of F . Suppose the group G is of minimal
order such that (G, H) ∈ F∗ and G ′ 6≤ NG(H).
Then the following statements are true:
(i) coreGH = 1.
(ii) Z(G) ∩ G0 6= 1 is a cyclic subgroup of order pk for some prime p.
(iii) Denote by Z0 the minimal subgroup of the cyclic subgroup Z(G) ∩ G0. Then H and Z0H
are p-subgroups and Z0H E G0.
(iv) G0 is a p-subgroup.
(v) Define U = coreG Z0H and H0 = U ∩ H. Then H0 is an elementary abelian p-group.
U = Z0 × H0 ≤ Z(G0) and G ′0 ≤ U ≤ Z(G0).
(vi) G0/H(Z(G) ∩ G0) is an elementary abelian p-group.
(vii) H/Z(G0) ∩ H is an elementary abelian p-group.
(viii) G0/Z(G0) is an elementary abelian p-group.
(ix) G0/H(Z(G) ∩ G0) ∼= H/H ∩ Z(G0)|.
Proof. See [2, Proposition 3.4]. 
Let Z0 and H0 be as in Proposition 3.3.
Corollary 3.4. Assume Z0 = Z(G) ∩ G0. Then the following statements are true:
(i) Z(G0) ∩ H = H0, Z(G0) = Z0 × H0.
(ii) H/H0 is an elementary abelian p-group.
862 P. Cso¨rgo˝ / European Journal of Combinatorics 28 (2007) 858–867
(iii) G0/HZ0 ∼= H/H0.
(iv) G0/H0 × Z0 is an elementary abelian p-group.
Proof. (i) By Proposition 3.1(iv) coreG Z0H = Z(G0), consequently Z(G0) ∩ H = H0. From
Proposition 3.1(iii) it follows that Z(G0) = Z0 × H0.
(ii) It is obvious by (i) and Proposition 3.2(vii).
(iii) By Proposition 3.3(ix) it is trivial.
(iv) See (i) and Proposition 3.2(viii). 
4. Construction
By using these properties of G with G ′ 6≤ NG(H) described in Section 3 we get a negative
answer to Kepka’s problem in the language of H -connected transversals. We use the same
notation as in Section 3.
We construct a finite group G with the following properties: there is an abelian subgroup H ,
there exist A and B H -connected left transversals to H in G such that 〈A, B〉 = G, coreGH = 1
and G ′ 6≤ NG(H).
Taking into consideration our propositions in Section 3 we choose some parameters.
Let p = 2, |H0| = 23 and |H | = 26.
Supposing Z0 = G0∩Z(G) it follows that |G0∩Z(G)| = 2 (see Proposition 3.3(ii)) and using
Corollary 3.4(ii) we have that H/H0 is elementary abelian of order 23. From Corollary 3.4(iii)
we can conclude |G0 : HZ0| = 23, consequently |G0| = 210 holds.
Let H0 = 〈h1, h2, h3〉, T = 〈h1∗, h2∗, h3∗〉 be elementary abelian 2-groups of order 23.
Define H = H0 × T . Let Z0 = 〈z〉 be of order 2. Let K0 = 〈a1, a2, a3〉 be an elementary
abelian group of order 23. Define G0 as the semidirect product of H × 〈z〉 by K0, i.e. G0 =
(H × 〈z〉) o K0 in the following way:
zai = z hi a j = hi (hi ∗)ai = hi ∗z for every 1 ≤ i, j ≤ 3
and (hi ∗)a j = hi ∗ for every 1 ≤ i, j ≤ 3, i 6= j.
Obviously G0 is really a semidirect product of order 210.
The structure of our G0 has the properties of the normal closure G0 of H in the minimal
counterexample (supposing |Z0| = p) described in Proposition 3.3. Indeed, H/H0 and
G0/HZ0 ∼= K0 are elementary abelian 2-groups, furthermore |G0/HZ0| = |H/H0| = 23.
We can see Z(G0) = Z0 × H0 and G0/Z(G0) ∼= K0T is an elementary abelian 2-group, too.
We paid attention to the facts that G/G0 is not cyclic and (|G : G0|, |H |) = 1 (see
Proposition 3.2), and we construct a 2-group G such that G/G0 is elementary abelian of order 23.
Let T1 = 〈γ1〉 be of order 2. Define M1 as the semidirect product of G0 by T1, i.e. M1 =
G0 o T1 in the following way:
zγ1 = z
h1
γ1 = h1z (h1∗)γ1 = h1∗ a1γ1 = a1z
h2
γ1 = h2 (h2∗)γ1 = a3h2∗h3 a2γ1 = a2
h3
γ1 = h3 (h3∗)γ1 = a2h3∗h2 a3γ1 = a3.
Using the structure of G0 it is clear that for the proof that M1 is really a semidirect product it
is sufficient to show the following equalities and the reader can check them easily:
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(a) ai γ1h j γ1ai γ1 = h j γ1 for every 1 ≤ i, j ≤ 3
(b) ai γ1(hi ∗)γ1ai γ1 = hi ∗γ1 zγ1 for every 1 ≤ i ≤ 3
(c) ai γ1(h j ∗)γ1ai γ1 = h j ∗γ1 for every 1 ≤ i, j ≤ 3, i 6= j
(d) hi (γ1
2) = hi , ai (γ12) = ai , (hi ∗)(γ12) = hi ∗ for every 1 ≤ i ≤ 3.
Let T2 = 〈γ2〉 be of order 2. Define M2 as the semidirect product of M1 by T2, i.e.
M2 = M1 o T2 in the following way:
zγ2 = z
h1
γ2 = h1 (h1∗)γ2 = a3h1∗ a1γ2 = a1
h2
γ2 = h2z (h2∗)γ2 = h2∗ a2γ2 = a2z
h3
γ2 = h3 (h3∗)γ2 = a1h3∗ a3γ2 = a3
and γ1γ2 = γ1a3h3.
The structure of M1 shows that for the proof that M2 is really a semidirect product it is
sufficient to verify the following equalities and one can do that with not too much difficulty:
(a) ai γ2h j γ2ai γ2 = h j γ2 for every 1 ≤ i, j ≤ 3
(b) ai γ2(hi ∗)γ2ai γ2 = (hi ∗)γ2 zγ2 for every 1 ≤ i ≤ 3
(c) ai γ2(h j ∗)γ2ai γ2 = (h j ∗)γ2 for every 1 ≤ i, j ≤ 3, i 6= j
(d) γ1γ2h1γ2γ1γ2 = h1γ2 zγ2
(e) γ1γ2hi γ2γ1γ2 = hi γ2 i = 2, 3
(f) γ1γ2a1γ2γ1γ2 = a1γ2 zγ2
(g) γ1γ2ai γ2γ1γ2 = ai γ2 i = 2, 3
(h) γ1γ2(h1∗)γ2γ1γ2 = (h1∗)γ2
(i) γ1γ2(h2∗)γ2γ1γ2 = a3γ2(h2∗)γ2h3γ2
(j) γ1γ2(h3∗)γ2γ1γ2 = a2γ2(h3∗)γ2h2γ2
(k) hi (γ2
2) = hi , (hi ∗)(γ22) = hi ∗, ai (γ22) = ai for every 1 ≤ i ≤ 3
(l) γ1(γ2
2) = γ1.
Let T3 = 〈γ3〉 be again a group of order two. Define G as the semidirect product of M2 by T3,
i.e. G = M2 o T3 in the following way:
zγ3 = z
h1
γ3 = h1 (h1∗)γ3 = a2h1∗h2
h2
γ3 = h2 (h2∗)γ3 = a1h2∗
h3
γ3 = h3z (h3∗)γ3 = h3∗
a1
γ3 = a1
a2
γ3 = a2 γ1γ3 = γ1a2h2
a3
γ3 = a3z γ2γ3 = γ2a1h1.
Using the structure of M2 one can conclude that for the proof that G is a semidirect product,
it is sufficient to check the following equalities and we leave this for the reader:
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(a) ai γ3h j γ3ai γ3 = h j γ3 for every 1 ≤ i, j ≤ 3
(b) ai γ3(hi ∗)γ3ai γ3 = (hi ∗)γ3 zγ3 for every 1 ≤ i ≤ 3
(c) ai γ3(h j ∗)γ3ai γ3 = (h j ∗)γ3 for every 1 ≤ i, j ≤ 3, i 6= j
(d) γ1γ3h1γ3γ1γ3 = h1γ3 zγ3
(e) γ1γ3hi γ3γ1γ3 = hi γ3 i = 2, 3
(f) γ1γ3a1γ3γ1γ3 = a1γ3 zγ3
(g) γ1γ3ai γ3γ1γ3 = ai γ3 i = 2, 3
(h) γ1γ3(h1∗)γ3γ1γ3 = (h1∗)γ3
(i) γ1γ3(h2∗)γ3γ1γ3 = a3γ3(h2∗)γ3h3γ3
(j) γ1γ3(h3∗)γ3γ1γ3 = a2γ3(h3∗)γ3h2γ3
(k) γ2γ3hi γ3γ2γ3 = hi γ3 i = 1, 3
(l) γ2γ3h2γ3γ2γ3 = h2γ3 zγ3
(m) γ2γ3ai γ3γ2γ3 = ai γ3 i = 1, 3
(n) γ2γ3a2γ3γ2γ3 = a2γ3 zγ3
(o) γ2γ3(h1∗)γ3γ2γ3 = a3γ3(h1∗)γ3
(p) γ2γ3(h2∗)γ3γ2γ3 = (h2∗)γ3
(r) γ2γ3(h3∗)γ3γ2γ3 = a1γ3(h3∗)γ3
(s) γ2γ3γ1γ3γ2γ3 = γ1γ3a3γ3h3γ3
(t) hi (γ3
2) = hi , ai (γ32) = ai , (hi ∗)(γ32) = hi ∗ for every 1 ≤ i ≤ 3
(u) γ1(γ3
2) = γ1, γ2(γ32) = γ2.
Let bi = aihi , βi = γihi ∗ for every 1 ≤ i ≤ 3. Define K = K0 × 〈z〉.
In the construction of H -connected transversals we paid attention to Proposition 3.1(v).
Let
A = {ni , γ1ni , γ2ni , γ3ni , γ1γ2ni , γ1γ3ni , γ2γ3h1ni , γ1γ2γ3h1ni / ni ∈ K }.
DefineW = 〈z, b1, b2, b3〉. By the definition of bi obviouslyW is an elementary abelian 2-group
of order 24.
Let
B = {wi , β1wi , β2wi , β3wi , β1β2wi , β1β3h2wi , β2β3wi , β1β2β3h2wi /wi ∈ W }.
Claim 4.1. We state that A and B are H-connected left transversals to H in G.
Proof. We have |G : H | = 27, since |W | = |K | = 24 it follows that |A| = |B| = 27. The
construction of G implies that A and B are left transversals to H in G. Thus we need only to
show [A, B] ≤ H . Obviously we have z ∈ Z(G).
(1) Clearly ai b j = ai for every 1 ≤ i, j ≤ 3.
(2) It can be shown easily that
ai
β j = ai and bi γ j = bi for every 1 ≤ i, j ≤ 3.
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(3) Clearly hiβi = hi z and hiβ j = hi for every 1 ≤ i, j ≤ 3, i 6= j . Using these relations after
some calculation one can obtain the following:
γi
βi = γi for every 1 ≤ i ≤ 3
γ1
β2 = γ1, γ2β1 = γ2h3, γ3β1 = γ3,
γ1
β3 = γ1, γ2β3 = γ2h1, γ3β2 = γ3h1.
Thus γiβi ∈ γiH for every 1 ≤ i, j ≤ 3.
(4) By applying (3) one can verify easily
(γ1γ2)
β1 = γ1γ2h3 (γ1γ3)β1 = γ1γ3 (γ2γ3h1)β1 = γ2γ3h1h3
(γ1γ2)
β2 = γ1γ2 (γ1γ3)β2 = γ1γ3h1 (γ2γ3h1)β2 = γ2γ3
(γ1γ2)
β3 = γ1γ2h1 (γ1γ3)β3 = γ1γ3 (γ2γ3h1)β3 = γ2γ3.
Consequently, (γ1γ2)βi ∈ γ1γ2H , (γ1γ3)βi ∈ γ1γ3H and (γ2γ3h1)βi ∈ γ2γ3H for every
1 ≤ i ≤ 3.
(5) The reader can check:
(γ1γ2γ3h1)
β1 = γ1γ2γ3h3h1
(γ1γ2γ3h1)
β2 = γ1γ2γ3
(γ1γ2γ3h1)
β3 = γ1γ2γ3.
Hence we get (γ1γ2γ3h1)βi ∈ γ1γ2γ3H for every 1 ≤ i ≤ 3.
(6) Using (3) we can show:
γ1
β1β2 = γ1 γ1β1β3h2 = γ1 γ1β2β3 = γ1
γ2
β1β2 = γ2h3 γ2β1β3h2 = γ2h1h3 γ2β2β3 = γ2h1
γ3
β1β2 = γ3h1 γ3β1β3h2 = γ3 γ3β2β3 = γ3h1.
Hence it follows that γiβ1β2 ∈ γiH , γiβ1β3h2 ∈ γiH , γiβ2β3 ∈ γiH for every 1 ≤ i ≤ 3.
(7) By applying again (3) one can verify:
(γ1γ2)
β1β2 = γ1γ2h3 ∈ γ1γ2H
(γ1γ2)
β1β3h2 = γ1γ2h1h2 ∈ γ1γ2H
(γ1γ2)
β2β3 = γ1γ2h1 ∈ γ1γ2H
(γ1γ3)
β1β2 = γ1γ3h1 ∈ γ1γ3H
(γ1γ3)
β1β3h2 = γ1γ3 ∈ γ1γ3H
(γ1γ3)
β2β3 = γ1γ3h1 ∈ γ1γ3H
(γ2γ3h1)
β1β2 = γ2γ3h3 ∈ γ2γ3h1H
(γ2γ3h1)
β1β3h2 = γ2γ3h3 ∈ γ2γ3h1H
(γ2γ3h1)
β2β3 = γ2γ3h1 ∈ γ2γ3h1H.
(8) Using (5) we get:
(γ1γ2γ3h1)
β1β2 = γ1γ2γ3h3 ∈ γ1γ2γ3h1H
(γ1γ2γ3h1)
β1β3h2 = γ1γ2γ3h3 ∈ γ1γ2γ3h1H
(γ1γ2γ3h1)
β2β3 = γ1γ2γ3h1 ∈ γ1γ2γ3h1H.
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(9) One can check:
γ1
β1β2β3h2 = γ1 ∈ γ1H
γ2
β1β2β3h2 = γ2h1h3 ∈ γ2H
γ3
β1β2β3h2 = γ3h1 ∈ γ3H.
(10) From (3) and (4) we can conclude:
(γ1γ2)
β1β2β3h2 = γ1γ2h1h3 ∈ γ1γ2H
(γ1γ3)
β1β2β3h2 = γ1γ3h1 ∈ γ1γ3H
(γ2γ3h1)
β1β2β3h2 = γ2γ3h1h3 ∈ γ2γ3h1H.
(11) Using (5) and (3) after some calculation we get:
(γ1γ2γ3h1)
β1β2β3h2 = γ1γ2γ3h1h3 ∈ γ1γ2γ3h1H.
Applying (2) and the fact that ai ∈ CG(h j ) and bi ∈ CG(h j ) for every 1 ≤ i, j ≤ 3 we can
conclude that A and B are really H -connected left transversals to H in G. 
Claim 4.2. For the above described group G the following statements are true:
(i) 〈A, B〉 = G.
(ii) coreGH = 1.
(iii) G ′ 6≤ NG(H).
Proof. (i) Since bi = aihi , βi = γihi ∗ and H = 〈hi , hi ∗ / 1 ≤ i ≤ 3〉 it follows that
〈A, B〉 = G.
(ii) It follows easily from the construction.
(iii) We have (h2∗)γ1 = a3h2∗h3, (h3∗)γ2 = a1h3∗, (h1∗)γ3 = a2h1∗h2, a1γ1 = a1z, whence
we can conclude K ≤ G ′H . Since (h1∗)a1 = h1∗z and z 6∈ H we get G ′ 6≤ NG(H). 
Summarizing the properties of the group G obtained we get the following:
Statement 4.3. There exists a finite group G of order 213 with the following properties: there
is a subgroup H which is elementary abelian of order 26, there exist A and B H-connected
transversals to H in G such that 〈A, B〉 = G, coreGH = 1 and G ′ 6≤ NG(H). Furthermore the
normal closure G0 of H in G is of order 210 and G/G0 is elementary abelian of order 23.
Proof. See Claim 4.1, 4.2 and the construction. 
5. Loop theoretical consequence
We get a negative answer to Kepka’s loop theoretical problem:
Statement 5.1. There exists a finite loop with abelian inner mapping group such that this loop is
centrally nilpotent of class greater than two. More precisely, there is a loop Q of order 27 such
that M(Q) is of order 213, I (Q) is elementary abelian of order 26, for the normal closure M0 of
I (Q) in M(Q), M0 is of order 210 and M(Q)/M0 is elementary abelian of order 23, furthermore
the nilpotency class of this loop Q is greater than two.
Proof. The properties of our G described in Section 4 imply that Theorem 2.1 is applicable
for this G, consequently our G is isomorphic to the multiplication group M(Q) of some loop
Q of order 27. Since H ∼= I (Q), G0 ∼= M0 and G ′ 6≤ NG(H), by using Statement 4.3 and
Corollary 2.3 we get our result. 
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